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Abstract—The main equations for the numerical simulation of convection in a two-phase zone based on

a model of the continuum approach to a porous medium are advanced. In order to solve non-linear

computation caused by the interaction of unknown variables in the equations, the trial-and-error method

is used. The size and extent of interdendritic flow at different times are indicated from calculated velocity

profiles. It is shown that the radial back-flow area due to natural convection corresponds to the mushy

zone above the 625°C isotherm under conditions of a small cooling rate. With increasing the cooling rate,
the flow due to the siphonic force becomes more and more important.

1. INTRODUCTION

INTERDENDRITIC fluid flow in a two-phase zone is a
very important transport phenomenon during sol-
idification, and gives rise to some defects in an alloy.
The driving forces causing the fluid flow include
siphonic force due to solidification shrinkage (or
expansion) and gravity acting on a fluid of variable
density, etc. Mehrabian et al. {1] pointed out that
with changing cooling conditions there may be three
modes of interdendritic flow, i.e. stable flow, inter-
mediate flow, and unstable flow. The natural con-
vection of the mushy zone due to gravity leads to
unstable flow which can cause some casting defects
such as channel segregation, etc.

In general, a mushy zone during solidification is
described with a model of a porous medium. The
mushy zone, however, has its own features different
from the porous medium, such as (1) latent heat of
solidification, (2) variable liquid fraction (or void
fraction), and (3) solute distribution at liquid-solid
interface, etc. It is necessary that the energy, mass,
and momentum transport equations for the porous
medium be corrected with the features mentioned
above.

A numerical computation method has often been
adopted in engineering problems to perform quan-
titative analysis of liquid convection in the mushy
zone in recent years. Ridder ez al. [2] gave an analysis
of the effect of fluid flow in axisymmetric ingots of
continuous casting and electroslag remelting. Maples
and Poirier [3] analysed the transients of convection in
the two-phase zone for unidirectional and horizontal
solidification. Bennon and Incropera [4] applied a
continuum model to investigate the solidification of
aqueous ammonium chloride solution in the presence
of an imposed forced flow. However, numerical simu-
lation of convection in the mushy zone is still under
development. This is because (1) the mechanism of
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the convection must be described with several physical
equations which interact with each other, and it is
difficult to combine them in calculation ; (2) the math-
ematical models of some single-valued conditions for
the equations are also being probed.

An axisymmetric unsteady-state model of con-
vection in the mushy zone has been computed in this
paper. What is called unsteady-state here is only that
VT/e is not constant during solidification. Al-4.5Cu
alloy ingots freeze under different solidifying con-
ditions, as shown in Table 1 [5].

2. ANALYSIS

2.1. Fundamental equations

The main equations for numerical simulation of
convection in a two-phase zone have been advanced
on the basis of a model of the continuum approach
to a porous medium. Essential to the treatment of two-
phase fluids as continua is the concept of a particle [6].
One advantage of adopting the model is that various
equations, describing conservation of energy, mass,
and momentum, etc. in continua, can be applied to the
two-phase zone. A set of equations can be expressed as
follows for the system discussed in this paper [7].

2.1.1. Energy equation.

HofpNoT 1
1— — ==V
( Pt ot ) e =5V YD)
—(A=PAV-VT (1)
where (Hy/c,)(8f./0T) refers to the latent heat of sol-
idification, and the second term on the right-hand side
of equation (1) refers to the effect of interdendritic
flow on energy transport.
2.1.2. Mass conservation equation.
ap
- V.ol LV 2

where
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H; latent heat of solidification

height of liquid metal pool, a function
of r

k equilibrium partition ratio

K permeability

n unit vector normal to isotherm
N buoyancy ratio

P pressure

P, pressure at top of metal pool

P pressure acting on liquidus

Q velocity ratio, equation (25)

r radial coordinate

R radius of ingot

t time

T temperature

Ty ambient temperature

Ty boundary temperature

T, freezing point of pure aluminium
U velocity of isotherm

Ue  velocity of eutectic isotherm

NOMENCLATURE

e specific heat U, U,y component of U in the r- and
CL liquid concentration z-direction, respectively
C, average solid concentration A% interdendritic flow velocity
fi. fi  volume fraction of liquid and solid, V. flow velocity due to convection

respectively Ve component of V in the n-direction
g acceleration due to gravity v, flow velocity due to siphonic force
h heat transfer coefficient V.p, V.p component of Vy in the r- and

z-direction, respectively
z axial coordinate.

Greek symbols
B solidification shrinkage, (p,— pr.)/ps

p. concentration coefficient of volume
expansion

Br temperature coeflicient of volume
expansion

v constant for equation (11), etc.

€ cooling rate

A thermal conductivity

7 dynamic viscosity

P density

p average density, p, f +p. /-

oL liquid density in two-phase zone

05 solid density

pe  datum liquid density of alloy

pse, pLe  density of eutectic—solid and
eutectic-liquid, respectively.

op 0
L RV AL G)

In addition, the solute conservation equation should
be considered for a binary alloy system

WO _ _yepficv 4@
ot
where
o(p 0 -
WO S Cpsrcinf) O

After essential assumptions are given [8], com-
bining equation (4) with equation (2) provides a
local solute redistribution in the mushy zone during
solidification

Loy ,1;[3(1

7V-VT>V1 oC, ©

£ C. o’
The assumptions for deriving equation (6) are as fol-
lows. (1) A small volume element in the mushy zone
is large enough that the solid fraction within it at any
time is exactly the local average, but small enough
that it can be treated as a differential element. (2)
There is no movement of the solid phase into or out
of the element. (3) Solute enters or leaves the element
only by liquid flow to feed shrinkage. (4) Mass flow

in or out of the element by diffusion is neglected. (5)
Solidification occurs with equilibrium at the solid—
liquid interface so that there is no undercooling, and
the rate of solidification is controlled only by the
rate of heat transfer and convection within the mushy
zone. (6) The local temperature and the composition
of the solid at the interface are specified by the local
composition of the liquid. (7) Diffusion in the solid is
negligible. (8) Solid density is constant. (9) No pore
forms during solidification.

2.1.3. Velocity equation. Darcy’s law for flow
through a porous medium is useful for describing the
interdendritic flow in the mushy zone, thus

K
V=—-—(VP+p.2). (M
L

[y

2.1.4. Pressure equation. In equation (7), the inter-
dendritic flow velocity is linearly related to the press-
ure gradient. Combining equations (3), (6), and (7)
with equation (2) (see Appendix) provides an ex-
pression for the pressure distribution in the mushy
zone

o’p  o*p opP oP
E,T+ﬁ+APE7+BPEZ“+CP=O (8)

where
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2.2. Effect of liquid density

Variance of a fluid density due to temperature and
concentration differences can cause a buoyancy force
which forms natural convection in the fluid. In
addition, a siphonic force is also related to the density
in the light of the meaning of solidification shrinkage.
The close relation between convection and liquid den-
sity is directly reflected in the above equations, in
which the liquid density of the mushy zone p, exists.
p is a function of temperature 7 and liquid con-
centration C, i.e. pp = p (T,C.), and from the
binary phase diagram the concentration is also a func-
tion of temperature, thus

dp. {dp JpL dCL

aT =~ (a:r)qf” (acL APt ©
The dependence of the liquid density on temperature
can be derived from equation (9)

_ Op | dC
PL = Pro— (E)f ar (Tw—T)

dpL
(aT) (To=T). (10)

The density variance due to concentration differ-
ence is generally greater than that due to temperature
difference during solidification, ie. (p /0C )r>
(@pL/0T)¢, in equation (9). dC, /dT is always less
than zero for an alloy of k < 1. dp /AT < 0 if (dp,/
0C )y >0 and dp, /dT > 0 if (0p /0CL)r <0 from
equation (9). Two different patterns of natural con-
vection in a two-phase zone, as shown in Fig. 1,
are formed due to the positive or negative value of
dp. /dT. It will be seen below that Al4.5Cu alloy is
an alloy of dp, /dT < 0 and the convection pattern
similar to Fig. 1(a} is caused in its ingot.

2.3. Model of permeability

The permeability K, which can determine the mag-
nitude of interdendritic flow velocity, is a very impor-
tant parameter in the two-phase zone. K is also a
variable since f; always varies during solidification.
In the early investigation [1]

K =vfl )

After the permeability of interdendritic space is mea-
sured using a translucent material having the same
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Fic. 1. Two patterns of natural convection in the mushy
zone: (2) dpy /AT < 0; (b) dp /AT > 0.

casting structure as metallic alloys, Murakami et al.
give the following form [9]:

Kocd f1 (12)

where d, is the primary dendrite-arm spacing. Having
taken some patterns deriving Darcy’s law into con-
sideration, we generally adopt the equation

K=vf1 (13)

where »n > 2, which depends on the casting structure
during solidification.

3. NUMERICAL METHOD

A finite difference method of the differential equa-
tion is used here [10]. A rectangular area sectioned
through the axis of the ingot symmetry is divided by
the square network and Ar = Az = 2 mm.

3.1. Trial-and-error method

Temperature T is the dependence on f, and V in
equation (1) and in turn f; is on it in equation (6).
Such cases also exist in other equations. These inter-
actions make the simulation computation hard to
solve. In former works the temperature distributions
are supposed beforehand to simplify the computation
[3, 11]. In order that the numerical simulation of the
convection in the mushy zone can approach the prac-
tice process in an ingot as much as possible, com-
putation in this paper is based on a set of equations
including energy equation (1). The computation pro-
cedure is shown with a flow chart in Fig. 2 after
specifying essential single-valued conditions for the
equations, the model provides: (1) temperature field,
(2) density distribution, (3) pressure field, (4) velocity
field, (5) liquid fraction distribution, and (6) con-
centration field, etc.

The interaction with each other, due to control of
an unknown variable in an equation by variables in
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Fi1G. 2. Flow chart of numerical computation.

other equations, must make these equations nonlin-
ear. If the numerical simulation still adopts the differ-
ence method of a linear differential equation, a trial-
and-error method is used so that computation accu-
racy can be improved. A cycle from temperature T to
liquid fraction f; in Fig. 2 performs the method. The
process of recalculating 7, p, P, V, and f; is con-
tinued until an insignificant change in f; is reached
(usually after 2-3 calculated sequences in every time
interval Ar).

3.2. Single-valued conditions

Values for ingot dimension, thermal conditions,
and properties of Al4.5Cu alloy are given in Tables
1 and 2, respectively. Figure 3 shows the Al-Cu binary
diagram and liquid density of the alloy vs compo-
sition. Boundary conditions for some equations are
given as follows.

Table 1. Conditions chosen in test

ingot code 1008 1003
ingot size (m) ¢0.08 x0.2 ¢0.08x0.2
preheating temperature 550 270

of mould (°C)
cooling rate (°C s™ ")+ 1.8x107* 6.0x107"
solidification time (min) 96 3.4

T The smallest cooling rate in position of half radius 6 cm
above the ingot bottom.

3.2.1. For energy equation. For simplicity, the
boundary conditions of the energy equation are indi-
cated at the surfaces of the ingot. Temperature values
of all nodal points on the boundary networks at vari-
ous times are calculated with interpolation method
after temperatures are measured with the thermo-
couples, installed at the side and bottom of the
ingot, as shown in Fig. 4. Therefore, at the side
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Table 2. Properties of Al-4.5Cu alloy

liquidus temperature (°C) 645
eutectic temperature (°C) 548
eutectic copos. (wt%) 33Cu
partition ratio 0.172
viscosity (kgm~'s™') 0.003
latent heat of solidification (J kg™ ") 3.89 x 10°
specific heat Jkg™' K™") 1.04 x 10°
thermal conductivity (W m~' K~) 87.8+

t This is the value in the liquid-solid phase. It is 132.0 W
m~' K~ in the solid phase and 70.0 W m~' K~ in the
liquid phase.

T = Ty(z, 1) (142)
and at the bottom
T = Ty(r,?). (14b)

The top of the ingot is in direct touch with ambient,
so

oT
—Ag=h(T—TA). (15)
At the centreline
oT
P 0. (16)

3.2.2. For pressure equation. Along the liquidus
isotherm there are only the atmospheric pressure and
the static pressure of bulk metal liquid if the effect of
convection in the bulk liquid is left out of consider-
ation, and the pressure, P, is calculated using the
below equation :

P =P, +pLogH(). amn

At the eutectic isotherm the densities of eutectic—
liquid and eutectic—solid, i.e. p, g and p, are not equal
so that there must be flow to compensate for the
solidification shrinkage of the eutectic. This require-
ment is

PLE —Pse
PLE

In the two-dimensional coordinate, Ve = V,pr,+

Vp = Ug. (18)

1100

1000}~ 933 5 dc,
_-(660.5°C) gy "0.293

800 -
821(548°C)

800

700

Temperature (K)

600~ (a)

500 1 1 |
Al 10 20 30

%o Cu

Density x10% (kg m>)
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FiG. 4. Position of thermocouple: 1, ingot; II, mould; III,
thermocouple.

Vezo and Ug = U,gro+ Ugz,. Combining equa-
tions (18) and (7) gives

opP _ LfL PsE —PLE

T K po Ug (192)
opP _ W P —PrLE
2" K Ug—pLY- (19b)
At the centreline
0P
Pl 0. (20)

The temperature of the alloy at the ingot-mould
interface may be above the eutectic temperature dur-
ing the initial stage of solidification. This case requires

op =0 t R 21
pol atr= (2la)
op = tz=10 21b)
5, = ~Pug atz=0 (
35
p:Eo
33
PLE
3t
PL
29|
2.7} P
z.s—/ (b)
2.3 1 I 1
AL 10 20 30
%o Cu

FiG. 3. (a) Binary phase diagram. (b) Densities vs composition for Al-Cu alloy.
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F1G. 5. Calculated isotherm and liquid fraction isoline of ingot No. 1008.

4. RESULTS AND DISCUSSIONS

The right half of each figure in Fig. 5 is the cal-
culated isotherm profile and the left halif the calculated
isoline profile of the liquid fraction at four different
times under the cooling condition of ingot No. 1008
in Table 1. It can be seen by comparison that the
isoline of f, = 0.35 always corresponds to the 625°C
isotherm, that is, 65% liquid metal has frozen when
the temperature falls from liquidus to 625°C. Figure
6 shows the profiles of interdendritic fluid flow in the

mushy zone at the same four times as Fig. 5: cal-
culated flow velocity on the left-hand side of each
figure and calculated streamline on the right-hand
side. The following aspects can be analysed from Figs.
5and 6.

(1) Back-flow toward the cylindrical axis exists in
the radial direction, It can be found by comparing
velocity profiles with isotherms at different times that
the radial back-flow area which corresponds to the
mushy zone above the 625°C isotherm moves toward
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FI1G. 6. Calculated velocity profiles in the mushy zone of ingot No. 1008.

the top and the centreline of the ingot with increasing
time.

(2) It can be seen from streamline profiles that the
back-flow of the whole mushy zone disappears after
40 min when the temperature of the ingot falls below
620°C.

(3) The flow direction in Fig. 6 is similar to that in
Fig. 1(a) since dp,/dT of the Al-4.5Cu alloy is less
than zero from data of Fig. 3.

(4) The order of magnitude of the interdendritic
flow velocity is 10~ * cm s, and the concrete values

of the velocities are in reference to the length of a ray
in the velocity profiles of Fig. 6.

(5) Another natural convection exists near the bot-
tom of the ingot besides the main convection near the
vertical wall (Fig. 6(a)), but the second-rate con-
vection has become very small after 6 min (Fig. 6(b)).
It is considered by preliminary analysis that the
second-rate convection is formed due to the large
temperature difference above the horizontal bottom
in the initial stage of solidification. The second-rate
convection has no evident influence on the final com-
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Fi1G. 7. Isothermal profiles and streamlines of ingot No. 1003 at two times.

position distribution of the ingot since its action is
short term.

Figure 7 shows calculated isotherm profiles and
streamlines at two different times under the cooling
condition of ingot No. 1003 in Table 1. It can be seen
by comparison of Fig. 5 with Fig. 7 that the isotherm
velocity U changes with different solidifying con-
ditions given in Table 1. The temperature gradient VT
in the ingot only changes slightly due to great thermal
diffusivity of the alloy and release of latent heat during
solidification. According to equation (22), U is in
direct proportion to the cooling rate ¢ under con-
ditions of constant VT

£

V?_'.
The smaller the cooling rate, the smaller the isotherm
velocity. Therefore, the cooling rate during sol-
idification plays an important role in producing con-
vection in a mushy zone. When isotherms move fast
at a large cooling rate such as greater than 107 '°C
s~ !, the siphonic force due to solidification shrinkage
mainly results in the interdendritic flow and gravity
acting on a fluid of variable density cannot play an
effective role so that natural convection in the mushy
zone is not evident. With a decreasing cooling rate,
movement of the isotherm is gradually getting slower,
and the gravity force can change the flow direction
and cause the back-flow due to natural convection.
The cooling rate of ingot No. 1008 discussed here is
of the order of 107*°C s~ 1,

Interdendritic flow due to the siphonic force moves
from liquidus to eutectic, as shown with streamline
profiles in Fig. 7. The streamlines are almost per-

U= — 22)

pendicular to the isotherms of different times. Any
back-flow similar to Fig. 6 is not formed in the two-
phase zone, and this indicates that natural convection
due to the gravity has little effect on the flow when
the cooling rate gets large.

The ratio between interdendritic flow due to gravity
and one due to siphonic force varies with cooling rate
during solidification, and the flow velocities caused by
them can be estimated with the two equations below.
For flow velocity due to siphonic force V|

i

V.= qU (23)
and for velocity due to gravity V, [7]
-1 l
y = YL PegBATAIEND (24)

u

where the buoyancy ratio N = §,AC, /BAT [12].

It is necessary to define a velocity ratio Q

VC

AL (25)
The dependence of the ratio 0 on the cooling rate ¢ as
shown in Fig. 8 is built up on the basis of computation.
When ¢ is greater than a value such as 4.5x 10~>°C
s~ ! for the Al-4.5Cu alloy, the value of Q gets smaller
and smaller, that is, the flow due to the siphonic force
has an effective influence and the one due to gravity
has little effect, and vice versa.

Y

5. CONCLUSIONS

(1) The main equations for numerical simulation of
convection in a mushy zone based on a model of the
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continuum approach to porous medium have been
advanced. In order to solve non-linear computation
caused by the interaction of unknown variables in the
set of equations, the trial-and-error method is used.
A cycle from temperature T to liquid fraction f; in
Fig. 2 performs the method. This process of recal-
culating T, p,, P, V, and f; is continued until an
insignificant change in f is reached.

(2) Under the cooling condition of about 10~ *°C

=1, the extent and size of radial back-flow due to
natural convection in a mushy zone at different times
are indicated from calculated velocity profiles. The
radial back-flow area exists in the mushy zone above
the 625°C isotherm and the back-flow area disappears
when the temperature of the whole ingot falls below
625°C.

(3) With increasing cooling rate, interdendritic flow
due to siphonic force gets more and more important
and one due to gravity more and more secondary. The
dependence of the velocity ratio Q defined by equation
(25) on the cooling rate expresses the relation men-
tioned above : the greater the cooling rate, the smaller
the ratio @, and vice versa.
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APPENDIX: DERIVATION OF EQUATION (8)

Assuming p, = constant, combining equations (2) and (3)
provides

of 0

—V(AY) = (h—p) G+ S (AD

Substituting equation (6) for equation (Al) gives
oV (AV)+H/LV Vo = (p—ps)

pu v-vT\ £ o] . apu
xl:ps(l—k)<1+ e >C7LT31. ~hg

From the chain rule

(A2)

12p,
VpL = E —a\VT

(A3)
Combining equations (A3) and (A2) provides

fu VT oC,
LV (fLV)+<fL“E‘”aaT 6t>

fL ac‘L
C o

dpL

V=a ~f 5 (A9

where a = py (pL—p,)/p,(1 —k). Assuming

ﬁdq<@L a>

oC,. C,
equation (A4) can be simplified as
V(fLV)+bVT-V+be =0 (AS)

Substituting equation (7) for equation (AS5) gives

K T
VP4 [%V(J +blz ] v+ 2 V < pLg>
L

b, VT-g— bli‘fia_o (A6)

where b, = b(p_/f.). In axisymmetric coordinates there are
oP opP

vp= F ro+ 5~zo (A7a)
0’°P 16P 0°P
2 _
V2P = ) + - S + = (A7b)
oT oT
VT = §r0+ EZ"' (A7¢)
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Assuming K = vf? and the viscosity of the alloy is taken as P K F) 290, &
constant [1], we have I*(V ' (; pLg> = g—a% + —g% % (A8b)
L
X 2 (of, o, After substituting equations (A7) and (A8) for equation (A6),
Ly <7) == <-L o+ == Zo) (A8a)  anexpression for the pressure distribution in the mushy zone
K \u/ f\ér 0 during solidification, i.e. equation (8) can be obtained.

SIMULATION NUMERIQUE DE LA CONVECTION DANS LA DEUX-PHASE ZONE
D’ALLIAGE BINAIRE

Résumé—L équation fondamentalle pour simulation numérique de convection a la deux-phase zone se

base sur un modéle de médium continu a ’approche du modéle poreux. On prend une méthode d’éssai

pour résoudre un comptage non-linéaire causé par une intération de variables non-savoir dans les équations.

Les limite et dimension de la fluide interdendritique dans des temps différents sont indiquées sur des profils

de vitesses calculées. On voit que la retour-fluide radialle correspond a la zone de solidification au dessus

de I'isotherme de 625°C sous les conditions de la petite vitesse de refroidissement. En croissant la vitesse
de refroidissement, de plus en plus important devient le fluide du a la force du siphon.

NUMERISCHE SIMULATION DER KONVEKTION IN DER ZWEI PHASEN-ZONE VON
DEN BINAREN LEGIERUNGEN

Zusammenfassung—Die Grundgleichungen fiir numerische Simulation der Konvektion in der zwei Phasen-
Zone griindet auf dem Modell vom Kontinuum des pordsen Mediums. Um die nichtlineare Berechnung
zu 16sen, die durch die sich gegenseitig beeinflussenden unbekannten Variablen in den verschiedenen
Gleichungen verursacht wird, wird die Versuchsmethode angewandt. Der Bereich und die Grosse der
interdendritischen Strémung, die durch die natiirlichen Konvektion in den verschiedenen Zeitpunkten
veranlasst wird, kénnen durch die berechnete Geschwimdig-keitsdiagramme angezeigt werden. Daraus ist
zu ersehen, dass die radiale Riickstromungszone unter der Bedingung der kleinen Kiihlgeschwindigkeit
mit der Schmelzzone iiber der 625°C-Isotherme korrespondiert. Mit der Steigerung der Kiihlge-
schwindigkeit wird die von der siphonik bewirkte Strémung immer wichtiger.

YHUCJIEHHOE MOJEJIMPOBAHUE KOHBEKLIMN B JBYX®A3HON 30HE BUHAPHOI'O
CIIJIABA

Ampotamms—ITo/ydeHs! OCHOBHBIE YPaBHEHHS JUIS YHMCIIEHHOTO MOJEJIHPOBAHHS KOHBEKIHH B ABYX(da3-
HO#t 30HE HAa OCHOBE PACCMOTPEHHsI IOPHCTOMH Cpelbl KaK CILTOMHOM. [Uia petieHHs HeTMHeHHOH 3anayy,
CBSI3aHHOM C HAJIAYHEM HEHM3BECTHLIX MIEPEMEHHEIX B YPABHEHHAX, HCTIOJIBL3YETCS METOR NPOG B omHGOK.
Pa3Mep u NPOTAKEHHOCTh MEXIEHIPHTHOTO MOTOKA B PA3JIATHbIE MOMEHTH BPEMEHH ONPEACNAIOTCH
0o paccuMTaHHmM npodriasMm ckopocreii. ITokasaHo, uTo panmanbHas obnacTs o6paTHOro TedeHus,
06yc/oBJICHHAs ECTECTBEHHOH KOHBEKIHMeH, COOTBETCTBYCT NOPHCTOH 30HE Han M3oTepMoii 625°C B
YCIOBHAX HH3KOH CKOpOCTH oxuaxzecHus. C pOCTOM CKOPOCTH OXJIaXICHHMS BhI3BAHHOE CHGOHHOM
clIo# TeueHHe IpHOGpeTaeT Bee Horbiliee 3HaYEHAC.



